
Copyright il:l IFAC Nonlinear Control Systems 
Design, Bordeaux, France, 1992 

ATTITUDE CONTROL OF ARTICULATED, 
FLEXIBLE SPACECRAFT 

H.G. Kwatny*, M.-J. Baek*, W.H. BenneU** and G.L. Blankenship*** 

*Mechanical Engineering and Mechanics Departf1U!nt. Dreul Universily. Philadelphia. PA 19104. USA 
**Techno-Sciences Inc .. Greenbelt. MD 20770. USA 

"*EE Departl1Cl!nJ and Systems Research Center. University of Maryland. College Park. MD. USA 

Summary: This paper extends the authors' prior work on the regulation of flexible space structures via partial feedback linearization 
methods to articulated systems. The modeJing of such systems through Poincare's form of Lagrange's equations is shown to be efficient 
and to provide for easy construction of feedback linearizing control laws. An application to a flexible spaee platform with a mobile remote 
manipulator is included. 

Keywords: flexible spacecraft, Poincare's equations, feedback linearization. adaptive control 

1 Introduction 
Modem spacecraft typically consists of several articulating bodies 
some of which have considerable flexibility. One such system is the 
Space Station Freedom with a Mobile Remote Manipulator System 
(SSF/MRMS). The issue of attitude control for this configuration has 
received attention in the literature. e.g .• the papers of Mah and his 
coworkers [9] and Wie et al [14]. The problem of primary interest is 
the attitude regUlation of the space station while the MRMS undergoes 
arbitrary prescribed maneuvers. In [1.14J.the main issues addressed 
have to do with the ability of the attitude regulator to reject long term 
periodic disturbances due to environmental torque including gravity 
gradient torque and cyclic aerodynamic torques. Both of these studies 
outline the potential benefits of LQG design for this controller. They 
also show the sensitivity of attitude control performance to MRMS 
motion. In fact. Wie et al show that large MRMS motion can 
destabilize the attitude control system because of the consequent 
changes in the system incrtia and suggest the need for gain scheduling 
of linear conlrollers. The essential interactions are characterized by 
highly nonlinear dynamics that appear to be ideally suited for 
application of feedback linearization methods. 

Our goal is to describe recently developed innovations for 
modeling and control of articulated systems and to demons Irate their 
application to a spacecraft configuration representati ve of the 
SSF/MRMS. The attitude conlrol issues addressed herein are related 
to those defined in [9.13] except that we focus on the short time scale 
problem (time scale of minutes) associated with MRMS motion 
whereas in the aforementioned works MRMS induced disturbances 
are considered but primarily for their affect on long term behavior 
(time scale of orbits). We consider conlrol system design for 
decoupling and stabilization v.:ith respect to MRMS motion. Since the 
control problem of interest heren evolves on a short time scale. we do 
not include environment (orbital frequency) disturbance torques in our 
analysis. 

The methods considered herein address the essential nonlinearity 
of these systems directly. A unified approach to modeling and 
nonlinear control system design is employed. This paper extends the 
authors' prior work [2.3) to articulated systems. In particular, this 
paper complements [2J in which we discuss nonarticulating. 
multi body. flexible systems. In Sections 2&3. we describe our 
approach to modeling articulated. flexible slructures via Poincare's 
equations. In Section 4 we provide feedback linearizin~ attitude 
control laws for this class of models and in Section 5 SImulation 
results arc summarized for a prototype SSr:JMRMS. 

2 Lagrange's Equations & Quasi-Coordinates 
Our approach to multi-flex-body modeling is based on a Lagrangian 
framework in which the Lagrangian dynamics are conveniently 
formulated using quasi-coordinates [1.4.10] leading to a system of 
equations often called Poincare's equations. The method has been 
further developed using finite element analysis [2] for reduction to 
finite dimensions and the recursive constructions introduced by 
Rodriguez and Jain [7.12] for serial chains of articulating bodies. 
The resultant equations are suitable for analysis. computation and 
control system design. 
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2.1 The Eulcr-Lagrange Equations 
The formalism of Lagrangian dynamics begins v.:ith the identification 
of the configuration space. i.e. the generalized coordinates. associated 
with the dynamical system of interest. Once the configuration 
manifold. M, is specified we have the natural definition of velocity at 
a point qe M as an clement. q. in the tangent space to M at q. often 
denoted TqM. We then define tlle state space as the union of tangent 
spaces at all points qe M. the so-called tangent bundle TM. The 
evolution of the system in the state space is characterized by the 
definition of a Lagrangian ~(q.q): TM-7R and use of Hamilton's 
principle ofleast action. The motion of a dynamical system subject to 
external generalized forces. Q. between times tl and t2 is a "natural" 
motion if and only if 

'2 

f ( s:t+Q'l5q) ell = 0 (2.1) 

'J 

If the coordinate variations are independent, then we obtain the Euler
Lagrange equations 

(2.2) 

or. in the usual case where ~(q.<i) = !r(q.q) - 'V(q). where !r and 'V 
are the kinetic energy and potential energy functions. respectively. it 
may be convenient to write 

(2.3) 

2.2 Quasi-Coordinates & Alternate Equations or Motion 
It is well known that in some cases it is easier to formulate the 
equations of motion in terms of velocity variables which can not be 
expressed as the time derivatives of any corresponding configuration 
coordinates. Such velocities are called quasi-velocities and are often 
associated with so-called quasi-coordinates. Quasi-velocities are 
meaningful physical quantities. The angutar velocity of a rigid body 
is a prime example. Quasi-coordinates are not meaningful physical 
quantities. They make sense only in terms of infinitesimal motions. 
The notion of quasi-velocities and quasi-coordinates leads to a 
generalization of Lagrange's equations which is applicable to systems 
with nonholonomic as well as the usual holonomic conslraints. Such 
generalizations were produced at the turn of the century. e.g. [1. 11]. 

Let M be the m-dimensional configuration manifold for a 
Lagrangian system and suppose V! .... vm constitute a system of m 
linearly independent vector fields on M. Then each commutator can 
be expressed 

'" 
(Vi,Vj) = L C~Jq)Vl 

~J 

(2.4) 

Indeed. the coefficients are easily computed. Define 



V'-I', " .. '.I. u - [:~] ,= v''. x, = I'~ ,t ... <;1' (2.5) 

Then (2.4) yields 
1 

Xij = U[Vi.Vj] or Cij = ul!vi.Vj] (2.6) 

Suppose q(t): [tl.t21-+M is a smooth path. then q(l) denotcs the 
tangent vector to the path at the point q(t)e M. Thus. wc can always 
express q as a linear combination of the tangent vectors Vi. i= I •..• m 

q = V(q)p (2.7a) 
where 

p = U(q)q (2.7b) 

The variables p an: called quasi-velocities. We might try to associate 
these "velocities" with a set of coordinates Tt. in the sense that 1t = p. 
This is not always possible because the right hand side of (2.7b) may 

not be an exact differential. Set !l(q.p) = ;£(q.q)1 q=V(q)p' In terms of 

!l Lagrange's equations are attainable in the form given by the 
following proposition. 

Proposition 2.1: Hamilton's principles leads to the 
equations of motion in terms of the coordinates q. p 

d all ~ all all 
diap-f:;Pja[;UXj- aqV=Q'V (2.8) 

where Xj = [[VjoYl] [VjoY2] .. [vjoYm]J. 

proof: see Amold et al [3]. 

Remarks: 
(1) These equations an: referred to as Poincare's equations [1.4]. 
They an: related to Caplygin's equations in quasi-coordinates and to 
the Boltzman-lIamel equations [11]. and also to the generalized 
Lagrange equations of Noble [8]. 
(2) Poincare's equations (2.8) along with (2.7a) form a closed system 
of first order differential equations which may be written in the form 

q = V(q)p (2.9a) 

~ I a2Il ~ all' a!l 
p ~2 = - P V/(q) ()q/~ + f:; Pi ~ UXj + ()q v + Q'V (2.9b) 

3 Algorithmic Formulation of Kinetic Energy 
Systematic methods for the formulation of the equations of motion for 
complex mechanical systems are now receiving considerable 
attention. Although there an: important historical precedents. the 
investigations most relevant to us are those of Rodriguez and his 
co workers [7.12]. who have formulated certain recursive techniques 
for rigid body systems and also for systems with flexible elements. 
In the following paragraphs we summarize the necessary concepts 
and explain how they are integrated into the Lagrangian framework. 
The key issue is the formulation of the kinetic energy function and we 
focus on that construction. 

We adopt the convention. by which any vector ae R3 is converted 
into a skew-symmetric matrix a(a): 

(3.1) 

just as commonly done for angular velocity. Rodriguez et al [7.12] 
define the spatial velocity at point C of any body-fixed reference 
frame with origin at point C as Vc := [co.vel where Vc is the velocity 
of point C and co is the angular velocity of the body. Let 0 be another 
point in the same body and let reo denote the location of C in the body 
frame with origin at O. Then the spatial velocity at point C is related 
to that at 0 by the relation 

(3.2) 
where 

«rcJ:=[_:co ~].anditsadjOinl ;*(rco) :=[~ 1'~] (3.3) 

Consider a serial chain composed of K + 1 rigid bodies connected 
by joints as illustrated in Figure 1. The bodies an: numbered 0 
through K. with 0 denoting the base or reference body. which may 
represent any convenient inertial reference frame. The klh joint 
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connects body k-\ at the point Ck.1 with body k at the point <>t. 
Let a reference frame ~k. with origin at Ok. be so oriented that its 

z-axis passes through Ck in the undeformed configuration. We will 
use a coordinate specific notation in which vectors represented in fI 
(or its tangent space) will be identified with a superscript "i". 
Coordinate free relations carry no superscript We assume that each 
link is a one dimensional. beam-like. flexible body and that the 
dcformable centerline is coincident with the z-axis of ~k in the 
undeformed configuration. The beam equations will be written in the 
frame ~k. We attach ~k to the body by requiring cantilever beam 
boundary conditions at z=O. Thus. ~k may be thought of as fixed in 
an infinitesimal element at Ok. We assume that deformations are 
small. Let pk be a second reference frame with origin at Ck and 
aligned with ~k in the undeformcd configuration. As located in ~k 
the point Ck has coordinates x=O. y=O. at z=Zc in the undeformed 
configuration. The orientation of fie under deformation is defined by 
fixing Fk in nn infinitcsilllal elelllcnt nt Cll. i.e .• the location of its 
origin in ~k is "k(Zc) and its relative angular orientation with respect 
to ~k is ~k(Zc). 

The klh joint has nk. ISnksti degrees of freedom which can be 
characterized by nk quasi-velocities ~(k) and a joint map matrix 

H(k)e WiXlll< so that V -V =H(k)~k). Let the joint configuration 
Ok et-I 

parlll'Mters be denoted by <JkE RIIk. The joint rotation matrix which 
defines the relative orientation of ~k with respect to Fk-l can be 
realized as a function of Ok. which we denote L(Ok). The 
configuration rates Ok are related to the quasi-velocities by a relation 

(3.4) 

~mtK 

.- ~ 

k!h body 

Figure 1. A serial chain composed oC K+l rigid bodies numbttcd 0 through K 
and K joints nlDDbercd 1 through K.. On an Irl>lIrary kill link the inboard and 
outboard joint binge polola .re deaignaled OJ. and 4;. The body rllled reference 

frame P has its origin at OJ.. 

Suppose that a finite dimensional model is obtained for each 
flexible body via finite element analysis (e.g. [2]) so that the kill link 
is approximated with Nk elements and. hence. Nk+ \ nodes numbered 
O.I .... Nk. We assume that node 0 coincides with the point O. 
Furthermore. each node may have as many as three displacement and 
three rotational degrees of freedom Then the link deformations in ~ 
are described by 

[ 
~(Z.I) ] = [ ~(t) ]'¥(Z) 
TJ(z.l) fI(l) 

(3.5) 

The relative (that is. with respect to the frame ~k) spatial velocity 
associated with an infinitesimal element located at an arbitrary z in the 
undeforrned configuration is 

[ 
~z.t)] [~I)] ~k.z):=. =. '¥(z)= fl1(k) ... v4k)]'¥(z) 
TJ(z.t) fI(t) 

(3.6) 



where the columns of [u1(k)"'''Nk(k)] are the nodal spatial 
velocities, in particular, at node i (z = zU we use the notation 

[ 
~Zj.t)] [~l . 'Uj(Ic):=. = . ' , = 1 •.. .Nh 
71(Zj.t) f1; 

vo(lc) = 0 (3.7) 

It is convenient to again use stacked notation and define u(k) := 

[U~(k)"'U~k(k)]l. The following recursive formula is derived in [3]: 

[
V,JIc+1)]{ ~1c+1.1c) !,(lc+l.k) ] [Vo(Ic)] J 1l(1c+1) 0 ] [f3(1c+1)] 
v(1c+1) 0 0 v(1c) 1 0 I v(1c+1) 

(3.8) 
where 

~lc+l)c) := diag(Lk.k+J.Lk);+J)~71k(zc)) 

!,(1c+1.k) := diag(Lk);+l.Lk.k+J){'I'J(zcJl 6x6 'I'216x6 ..• 'I'Nbx61 

The rotation matrix is 

(3.9) 

defines the relative angular orientation of!Jk relati ve to !Jk·l. 
Finally, let us define the nodal spatial\lelocity vecter V(k) and the 

nodal quasi· velocity \lector P(k) fer the klh body 

[
V ,J1c)] [f3(~)] 

V(Ic):= v(1c) .p(Ic):= v(1c) (3.10) 

which allows us to write the recursion (3.8) in the form 

V(1c )=«Ic.Ic·I)V(Ie-I)+H(Ie)p(Ie). le = I •... .K. V(O) = 0 (3.11) 

Our goal is to construct the spatial velocity vector and the kinetic 
energy function for the entire chain. Let us define the chain spatial 
velocity and quasi-velocity 

V := {yt(l) •. .,Y'(K)]'. p:= (pl(l) •..• pl(K)]1 (3.12) 

so that we can write 
V = tl>llp. (3./3) 

where 

"'{ «;;') 
0 . 0] {"(I) 0 

H:J 
/ ... 0 0 H(2) 

• • 11: . . . 

«K.l) '(K.2) / 0 0 

~iJ) := «i.i-1) .•. ~j+1 J). i=2 •.. .K and j=1 •.. .K-1 

We assume that the kinetic energy for each link has been 
constructed (via finite element reduction) in the fcrm 

J K.E./i..J: k = 2" yt(Ic)Mo(lc)V(Ie) (3.14) 

Then the kinetic energy function for the chain consisting of links 1 
through K is 

J 
K.E·cltaill = ff(p.q) = 2" plAlp 

where the chain inertia malrU is 

Ai. := H*t1>*MtI>H. M ;= diag(M,Jl) •.. .M,JK)) 

Remarks: 

(3./5) 

(3.16) 

(1) Sliding joints: A sliding joint is one which admits one degree of 
freedom relative translation along a path defined in one of the bodies. 
They are easily accommodated for either rigid er defcrmable bodies 
within the frarrework described in [3]. 
(2) Finite element reduction: One approach to finite element reduction 
is based on collocation by splines. Our implementation of this 
method is described in [2]. It is simple and convenient for the class 
of models of interest herein. 
(3) Poinca.re·s Equations: The above definitions and constructions 

provide the kinetic energy function in the form 9'(q,p) = plM.(q)p. 
Hence. we reduce (2.9b) to the form: 
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Al(q)P + Cf,(q,p)p +~) = Qp (3.17) 
where 

Notice that Qp denotes the generalized forces I7presented i.n the p
coordinate frame whereas Q denotes the generalized forces m the ~
coordinate frame (aligned with q). Qp is actually more convenient 
because the quasi-velocities are usually represented in appropriate 
body frames. 
(4) Taylor Linearization: If Q" is constant, it makes sense to. <!is~uss 
equilibria of the system defineo by (2.9a) and (3.17). An eqUilibrium 
point is defined as a value of the state (q.p) such that ~=O and p=O. 
From (2.9a) and the invertability of V(q) we find that p=O at an 
equilihrium point. An cquilihrium value of q then satisfies f(q)=Qp
For convenience, lct the equilibrium point of interest correspond to 
and q=O. A straight forward computation shows that the Taylor 
li ncarized dynamics are 

q = V(O)p (J.18a) 

i}~ 
.M(O)P + Cf,(O.O)p + d(j(O)q = NJp (3.18b) 

4 Nonllnear Attitude Control via PFL 
The approach to attitude control design considered herein derives 
from a now well established thecretical basis for control design by 
fudbaclc linearizalion [6]. In recent work. including [2.3]. we have 
tailored this technique to take advantage of the special structure of 
Lagrangian dynamics either in the form of classical Lagrange's 
equations or PoinClR', equations. 

4.1 PartIal Feedback Llnearlzlng Control 
The spacecraft models fcrmulated above are of the from: 

~ .. V(q)p 
.M(q,l)P + Cf,(q.,p,l)p + ~q,l) ~ G'f 

(4.Ja) 
(4.1b) 

The class of attitude control problems we invesigate is best 
characterized by partitioning the coordinate vector. and 
correspondingly the quasi-velocity vecter. into two parts 

(4.2) 

where 1; represents the controlled body attitude parameters and Q) the 
corresponding body angular velocity. whereas u.v represent the 
remaining coordinates and velocities. respectively. Then in 
partitioned fann, the equations are: 

~ = TT~Q) 
fl = ~~.u)v 

Moio + Nv+ F(» .. G(»'f 

NTi» + Mvv + Fv = Gvr 

(4.Ja) 
(Ob) 
(4.3c) 
(Od) 

Our goal is to regulate the outputs y = 1;. The concept of partial 
feedback linearization (PFL) is a general approach to the design of 
nonlinear control systems fer a general class of systems with smooth 
nonlineari ties [6]. Atti tude con trol of spacecraft using feedback 
linearization was lirst used by Owyer [5]. A PFL compensation for 
the system (4.3) is a nonlinear feedback law of the form 

'f= d(~.Q).u.v.t) + ge(~.Q).u.v,l)a (4.4) 

which provides a closed loop attitude response in the linear. 
decoupled form 

(4.5) 

Specific conditions for the existence and construction of such 
controllers are given in Isidori [6]. Herein we describe the 
construction of PFL controllers for spacecraft modeled by Poincarc' s 
equations. 

The main constructive result is summarized in the following 
proposition: 

Proposition 4.1: The PFL control for regulation of the 
outputs y = 1; for the system defined by (4.3) takes the form 
of (4.4) with 



d=[GorNM: Gv)·1 (F Q) - NM:F v+[NM:NT-M oJrla~mr{J)} 
(4.6) 

proor: We prove the p~sition by direct construction, in two 
steps. First, we use linearizmg feedback to reduce (4.3c) to the form 
ID = Il which we then reduce to (4.5) by a second linearizing 
feedback. The composition of these to control laws gives the desired 
result Equation (4.3d) can be solved for v: 

v = -M:NTw - M:Fv + M:Gv'f 
which allows it elimination from (4.3c): 

[Mm - NM:NT}w + Fm- NM:Fv= [Gm' NM:Gv)'f 
Now we choose the feedback control law: 

'f= [Gm-NM:Gv)"l{ Fm - NM':Fv + [Mm - NM':Wl/J} 
which yields: 

w=/J 

Now, differentiation of (4.3a) provides: 

.. arm' arm 
~ =~~ + IT~w=~IT~{J)+ IT~/J 

Choose, the control law: 

to obtain: 
/J = rlW{ a - a~tIT~){J)} 

and the desired composite linearizing control law is: 

which is the stated result § 

Remarks: 
(I) The linearizing control law is local if the parameterization of the 
angular configuration is local. However, there is some flexibility here 
because one may choose alternate parameterizations (e.g. Gibbs or 
Euler parameters), as appropriate to the problem. In either case, r 
has known singular points which limit the range of Iinearizability. 
(2) In the specific problem of interest herein we have Gm = h and 
Gy = 0, so that (4.6) simplifies somewhat to: 

d = (Fm - NM:Fv+ /NM:NT. Mrulrla~mr{J)} (4.7a) 

00 = [MorNM:W]PI (4.7b) 
(3) The invertibility of My is assured because it is an inertia matrix 
for a physical subsystem which is consequently a positive definite 
matrix. 
(4) Equation (4.5) may be rewritten 

~ =Az + Ba, A:=[g i ].B:=[Zl (4.8a) 

we may easily choose a stabilizing control for (4.5) 

(4.8b) 

4.2 Adaptive PFL Control 
Because feedback Iinearization is a model based approach to control 
system design, it is necessary to anticipate some sensitivity to model 
uncertainty. In the present case, it is reasonable to assume that the 
kinematics are precisely known but that the dynamics are noL Thus, 
we consider the situation where the model contains uncertain 
parameters, denoted {), which belong to a bounded set~. Equations 
(4.3), may be rcwritten with these parameters explicitly shown 

MdtJ)w + N(tJ) v + F(tJ)m= Gm'f 
N(tJ)Tm + MvftJ)v + FvftJ) = Gv'f 

(4.9a) 
(4.9b) 

Because of its physical meaning, the invertibility of My({) is 
preserved for al\ values of {) E~. Consequently, a feedback 
Iincarizing control exists for all parametcr values. Indeed, the control 
(4.4) as constructed via Proposition 4.1 is a parameter dependent 
control, which we rewrite in the form 

't(tJ) = .sI1{J(~ , {J),u , V,I) + OO,i~,{J),u,v, l)a (4.10) 
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The idea is to implement (4.9) with {) replaced by an estimate ~. 
When the estimated control 't(~) is applied, the system is not exactly 
feedback Iinearized and a simple computation shows that (4.5) is 
replaced by 

~ = a+ L1(~,tJ,~,{J),U,V,,) (4.11) 

The following proposition provides a parameter adaptive feedback 
linearizing control law. 

Proposition 4.2: Consider the system defined by (4.3a&b) 

and (4.9) with control 't(~) where 'to is given by (4.10) and 
a by (4.8b). Suppose that the residual 6. defined in (4.11) 
has the form 

L1(~, tJ,~,{J),u, V,I) = 1/'( ~,(J),u, V,I)( ,'}-3) (4.12) 

Then an asymptotically stable controller is achieved with the 
parameter estimator 

,l} = Q '/fI( ~,{J),U, v,I)B/Pz (4.13) 

where P is a symmetric, positive definite solution of 

(A+BKJlP + P(A+BK) = -1 (4.14) 

and Q is any syrrunetric, positive definite mari.x. 

proor: Various forms of this result are welllcnown, e.g. [13]. 

5 Summary of Simulation Results 
In the following paragraphs we describe simulation results which 
compare linear and nonlinear (PFL) controllers for attitude control of 
a prototype space station. Prior to consideration of flexible platform 
studies were conducted with a rigid platform 

5.1 System Connguratlon 
The space station with MRMS is idealized to be composed of four 
artieulated elements: the space station main body (body I), the MRMS 
base (body 2), the upper (inner) MRMS arm (body 3), and the lower 
(outer) MRMS arm (body 4). It is asumed that the MRMS base, 
body 2, can move along a fixed path on the space station, body I, 
while body 3 is .joined to body 2 and body 4 to body 3 via joints with 
up to three rotational degrees of freedom The setup is illustrated in 
figure 2. We consider the case where the MRMS joints are each 
restictcd to one degree of freedom: joint 3 admits only rotations about 
the z-axis in the (3 frame and joint 4 about the x-axis in the f4 frame. 

platform 

lower arm 

Figure 2. 1be Iystem considered tl composed or • flexible plalrOnn •• mobile 
base, and !be flexible upp« and lower arms. 

Body lenath (m) 

110 
space station 

l.S 
mobUebase 

14.3 
upper arm 

14.3 
lower arm 

Table 1 
Physical Data 
adapted from [9] 

mu. (ka) Inerlla 

211.258 J.=2.13>< 108 

Jy=2. 13>< 108 
J.=880.241.6 

316.9 J.=I78.25 
Jy=178.25 
].=356.5 

3169 ].=54.002 
]y=54.002 

].=0 
3169 ].=54.002 

Jy=54,OO2 
]z=O 

eg loeallon 
Cm) 
x=O 
y=O 
z=O 

x=O 
y=O 
z=O 

x=O 
y=O 

z=7.1S 

x=O 
y=O 

z=7.1S 

The ,Iiliform IS 1reatee as a flexible beam for w len a mOdel 15 p 
developed in accordance with the finite element method described in 
[5], using collocation by splines as applied to a Timoshenko 
formulation of beam dynamics. Even with only two elements, the 
resultant system is excessively stiff. Thus, we reduce the system to 
retain 4 flexure degrees of freedom (8 modes) by retaining the so-



called long wavelength dynamics. so that angular deformation 
coordinates are eliminated. Of these. 4 modes are near the control 
bandwidth (natural frequencies of about 3 rad/s) and the others are 
outside the bandwidth (approximately 10 rad/s). The result is 13 
degrees of freedom with configuration variables: 

- RE R3. the location of point 01 on body 1 relative to inertial space. 
- LIE SO(3). the relative angular orientation of ~1 with respect to 
inertial space. 

- ftiER2. i=1 •..• N(=2) platform deformation coordinates 
- ~E R. the location of the MRMS base along undeformed track in the 
frame !J1• 
- 'I'32E R. the relative angular orientation of!J3 with respect to ~2. 
- +43E R. the relati ve angular orientation of ~ with respect to ~3. 

The joint quasi-velocities are P(1)=(O>I.Vl) the linear velocity VI and 
the angular velocity 0>1 of fl. the linear velocity P(2)=V2z for joint 2. 
and the relative angular velocities P(3)= 0>32 and P(4)=0>43 for joints 
3 and 4. 

Table 1 provides the physical data used in the simulation studies. 
We assume that the beam is a uniform, squnro boxbeam with outside 
dimension of 5 m and has the following material properties 

desity p = 7.860><103 kg/m3 

modulus of elasticity E = 200><108 N/rr12 
shear modulus G = 79xtOS N/rr12 

All of the platform characleristics except dissipation properties 
follows from these assumptions. A material dissipation model of the 
type described in [3] is assumed. In addition. we assume some form 
of active or passive vibration suppression provides additional 
damping. Even so. the dominant modes of the structure are very 
lightly damped as will be seen in the simulation results. 

5.2 System Equations 
The dynamical equations of motion for the composite system 
including the space station with MRMS have been derived in terms of 
Poincare's equations. In this study we prescribe the MRMS motion 
and determine the corresponding SSF response. The MRMS motion 
is defined by prescribing the MRMS acceleration and computing the 
resultant motion using the kinematic constraints. Thus. we have 

(5.10) 

(5.1 b) 

In all of the subsequent simulations we use the above MRMS motion 
model with the accelerations a2z.a32z.1I43lt prescribed as constants. 
There remains a great deal of flexibilily in this model because in 
addition to specifying the accelerations the initial conditions on 
velocities and configuration variables may also be prescribed. 

With the motion of the MRMS prescribed. the equations 
governing the response of the space station are obtained by stripping 
off the first ten of Poicare's equations for the composite system 
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5.3 SImulatIon Results 
Simulation studies wcre conducted for botli rigid and flexible platform 
models using linear. PFL and adaptive PFL control laws. The linear 
controls were obtained by applying the PFL construction to the 
Iinearized model. i.e .• they are standard linear decoupling controls. 
Thus. allowing meaningful comparison of the linear and PFL 
controls. 
LInear Control: In the rigid platform case the linear controller 
produced acceptable attitude error responses in the absence of 
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Manuoulator motion and with initial attitude (Euler angle) offsets of .5 
radians on each axis. However. large motions of the manipulator 
caused instability. just as obseved in [14]. 

The flexjble platform case was quite different Table 2 lists the 
open and c10scd loop eigenvalues for different feedback gain values. 
The open loop set consists of 12 zero eigenvalues corresponding to 
the rigid body dynamics and an additional B corresponding to the 
platform flcxure dynamics. The second column lists the eigenvalues 
resulting from a design intended to achieve the same attitude response 
as had been achieved in a study of the rigid body case. Notice that the 
first 14 eigenvalues correspond to the "zero dynamics" and remain 
fixed as the attitude gain is "detuned" in column three. The zero 
dynamics modes include the 3 rigid body translation modes and 4 
cantilevered beam modes of the platform. Although the nominal 
closed loop linear system is stable, application of the linear regulator 
to the nonlinear simulation produced divergent trajectories with initial 
attitude errors as small as .01 radians. This is due to destabilizing 
inertial crosscoupling between the flexible and rigid body dynamics. 
Detuning of the closed loop appeared appropriate in order to reduce 
slewing rate. and hence platform flexure. The detuned regulator of 
column three did produce convergent trajectories with initial errors of 
.01 radians. but this appeared to be close to the limit of the domain of 
attraction. 

Table 1 
Open and Closed Loop Elgenvalues 

Open Loop Nominal Clond Deluned Cloeed 
Loop Loop 
(k) (k/8) 

0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 -0.1763 + 3.32OS1 -0.1763 + 3.320Si 
0 -0.1763 - 3.320Si ·0.1763 - 3.320S1 
0 -0.1763 + 3.320S1 -0.1763 + 3.320S1 
0 -0.1763 - 3.320Si -0.1763 - 3.32051 
0 -0.1364 + 1.6SOSi -0.1364 + 1.6SOS1 
0 -0.1364 - 1.6SOSi -0.1364 - 1.6SOS1 

-10.4212 +10.5963i -0.1364 + 1.6SOSi -0.1364 + 1.6SOSi 
-10.4212 -10.S9631 -0.1364 - 1.6SOSi -0.1364 - 1.6SOS1 
-10.8762 +10.5876i -0.2000 + 0.20401 -0.0250 + 0.09791 
-10.8762 -10.58761 -0.2000 - 0.20401 -0.0250 - 0.09791 
-O.2OS3 + 3.32671 -0.2000 + 0.2040i ·0.0250 + 0.0979i 
-0.2OS3 - 3.32671 -0.2000 - 0.20401 -0.0250 - 0.0979i 
-0.2053 + 3.32901 -0.2000 + 0.20401 -0.0250 + 0.0979i 
-0.2053 - 3.32901 -0.2000 - O.2040i -0.0250 - 0.0979i 

The significance of the nonlinear interactions which arise through 
the inertial couplings is quite striking. It is anticipated that further 
deluning would lead to a larger domain of attrachon for the stable 
equilibrium point, although we have not confirmed this. Even so, it 
is clear that the achievable performance with linear regulators is 
severely limited. Performance specifications for MRMS motion and 
attitude regulation will not .in practice. approach the levels demanded 
herein. For example. we i!,11POse an MRMS translation of IBm in 60 
see. whereas. Wie et al [14] unpose a translation of Srn in 300 sec. 
PR Control: We first consider attitude regulation with an MRMS 
maneuver combined with initial attitude errors and with perfect 
knowledge of all parameters. The excellent PFL control results are 
illustrated in Figures 3. The system easily accommodates .5 radians 
attitude error on each axis with a simultaneous MRMS motion. 

The effect of a minimal 5% stiffness uncertainty on the PFL 
controller. however. results in seriously degraded. unstable 
regulation. This sensitivity is consistent with our prior observations 
about the linear regulator and. again. it is likely that sensitivity would 
be substantially reduced by detuning of the stabilizer and reduction of 
the rate of MRMS motion. Figure 4 illustrates the adaptive PFL with 
MRMS motion and 5% stiffness uncertainty. Adaptation almost 
restores ideal performance. Similar results have been achieved with 
10% uncertainty. However. 15% uncertainty results in unacceptable 
performance. 

6 Conclusions 
This paper summarizes results of a study of the application of partial 
feedback lincarization methods to the attitude control of an articulated 
spacecraft representative of the Space Station Freedom with a Mobile 
Remote Manipulator System Computer studies contrastlincar state 
feedback regulators with PFL type attitude stabilizers. The results 
confirm previous observations that MRMS motion can significantly 
degrade and even destabilize altitude regulation when linear 



controllers are applied to this highly nonlinear dynamical system Our 
results show that in the flexible case the linear regulator must be 
significantly detuned in order to achieve stable responses. As a matter 
of fact, even with detuning, the attitude errors must be very small in 
order to observe the behavior predicted by linear theory. Paramcter 
uncertainty is not tolerable. Although the studies conductcd to datc 
are far from exhausting, it is clear that PR.. design is promising. It is 
shown that the PR.. controller performs quite well with perfect 
knowledge (no parameter uncertainty) both with respect to decoupling 
and stabilization. However, performance deteriorates rapidly with even 
small parametric uncertainties. Adaptive PFL is shown to restore the 
excellent PFL performance with stiffness uncertainties of up to 10%. 
Controller detuning will certainly improve robustness and studies which 
address the tradeoff between performance and sensitivity would be 
required ill I\lI / given design situation. 
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